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Sparsity Inverse problems Algorithms Examples Learning

Sparsity

• Signal processing: decompose complex signals using elementary
functions which are then easier to manipulate.

x(t) =
+∞∑

i=−∞
αiϕi (t)

⇒ Sparse = Few non-zero αi

• Fourier transform (1768)
→ Uncertainty principle: the energy spread of a function and its Fourier
transform cannot be simultaneously arbitrarly small.
→ DFT and FFT (Gauss 1805, Cooley-Tukey 1965).

• Wavelets transform: multiresolution
→ I. Daubechies: Compact support wavelet (1988).
→ DWT and Mallat recursive algorithm (1989).
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Sparsity

Example: Time-Frequency representation
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Wavelet transform

• Discrete setting: images on a grid Ω = {1, . . . ,N1} × {1, . . . ,N2}

x = (xn1,n2)(n1,n2)∈Ω

→ Vectorized representation denoted x ∈ RN with N = N1N2.

x
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x = (xn1,n2)(n1,n2)∈Ω

→ Vectorized representation denoted x ∈ RN with N = N1N2.

• Wavelets:
• sparse representation of most natural signals/images.
• DWT, denoted F ∈ RN×N

→ orthonormal transform: FF ∗ = F ∗F = I .
→ filterbank implementation:

x
.

α
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Wavelet shrinkage
(Donoho-Jonhstone, 1992)

x α = Fx softλ(Fx) û = F ∗softλ(Fx)

softλ(α) =
(

max{|αi | − λ, 0}sign(αi )
)
i∈Ω

=

û =
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Wavelet: history

(extracted from M. Morini, P. Flandrin, E. Fleury, T. Venturini, P. Jensen, “Revealing

evolutions in dynamical networks,” 2018, arXiv:1707.02114)
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Inverse problems
[Microscopy, ISBI Challenge 2013, F. Soulez]

Original image Degraded image

x ∈ RN z = Pα(Hx) ∈ RM
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Inverse problems
[Microscopy, ISBI Challenge 2013, F. Soulez]

Original image Degraded image

x ∈ RN z = Pα(Hx) ∈ RM

• H ∈ RM×N : matrix associated with the degradation operator.

• Pα : RM → RM : noise degradation with parameter α

(e.g. Poisson noise).

Inverse problem : Find an estimate x̂ close to x from the observations z .
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Inverse problems

Inverse problem : Find an estimate x̂ close to x from the observations z .

• Inverse filtering (if M = N and H is invertible)

x̂ = H−1z

= H−1(Hx + b) ← if b ∈ RM is an additive noise

= x + H−1b

→ Closed form expression, but amplification of the noise if H is
ill-conditioned (ill-posed problem).
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Inverse problems

Inverse problem : Find an estimate x̂ close to x from the observations z .

• Inverse filtering

• Variational approach: x̂ ∈ Argmin
x∈RN

L(Hx , z) + λR(Fx)

• Γ0(H): class of convex, lower semi-continuous, proper functions from
RN to ]−∞,+∞].

• L(Hx , z): data fidelity term (in Γ0(RM)),
• R(Fx): regularization term (in Γ0(RN)),
• λ > 0: regularization parameter.

• Example: `1-norm to deal with sparsity

x̂ ∈ Argmin
x∈R

1

2
‖Hx − z‖2

2 + λ‖Fx‖1

→ Soft-thresholding : H = Id (closed-form expression)
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Bayesian interpretation

• v = Hx = (vn)n∈Ω: realization of a random vector V .

• z : realization of a random vector Z .

• α = Fx = (αi )i∈Υ: realization of a random vector A = (Ai )i∈Υ having
independent components.

MAP estimator (Maximum A Posteriori)

maximize
x

P(V = Hx | Z = z)

maximize
α

P(Z = z | V = HF ∗α) · P(A = α)

minimize
α

− ln P(Z = z | V = HF ∗α)︸ ︷︷ ︸
Data fidelity

−
∑
i∈Υ

ln pAi (αi )︸ ︷︷ ︸
A priori
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Bayesian interpretation
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Bayesian interpretation

MAP estimator (Maximum A Posteriori)

minimize
α

− ln P(X = x | V = HF ∗α)︸ ︷︷ ︸
Data fidelity

−
∑
i∈Υ

ln pAi (αi )︸ ︷︷ ︸
A priori

where

P(Z = z | V = HF ∗α) =
1

(2πσ2)|Ω|/2
exp

{
− ‖HF

∗α− z‖2
2

2σ2

}
and

pAi (αi ) =
1

Ci
exp{−λi |αi |}

minimize
α

1

2σ2
‖HF ∗α− z‖2

2 +
∑
i∈Υ

λi |αi |

⇒ “there can be other admissible Bayesian interpretations” (Gribonval, 2011)
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Choice of L, R and F

Synthesis formulation

x̂ = F ∗α̂ with α̂ ∈ Argmin
α

L(HF ∗α, z) + λR(α) λ > 0

Analysis formulation x̂ ∈ Argmin
x

L(Hx , z) + λR(Fx) λ > 0

• Analysis versus Synthesis
• Equivalence for F orthonormal basis.
• The analysis formulation is a particular case of the synthesis

formulation.

• Few numerical comparisons.

(Elad, Milanfar, Ron, 2007) (Chaari, Pustelnik, Chaux, Pesquet, 2009)

(Selesnick, Figueiredo, 2009), (Carlavan, Weiss, Blanc-Féraud, 2010)

(Pustelnik, Benazza-Benhayia, Zheng, Pesquet, 2010)
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Choice of L, R and F

(extracted M. Carlavan, P. Weiss, L. Blanc-Féraud ”Régularité et parcimonie pour

les problèmes inverses en imagerie : algorithmes et comparaisons”, Traitement du

Signal, sept. 2010.) (P) Synthesis, (R) Analysis
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Choice of L, R and F

Choice for F (analysis):
• Total variation: horizontal/vertical gradient.
• Hessian operator: second order derivative along horizontal, diagonal

and vertical direction.
• Nonlocal total variation: weighted nonlocal gradients (Gilboa, Osher,

2008)(Bougleux, Peyré, Cohen, 2011)
• Local dictionaries of patches

(Boulanger, Pustelnik, Condat, Piolot, Sengmanivong, 2018)
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Choice of L, R and F

Choice for F (synthesis):

• X-lets (webpage L. Duval) (Jacques, Duval, Chaux, Peyré, 2011)

• Sparse coding: Dictionary of patches: set of elementary signals
(Aharon, Elad, Bruckstein, 2006)

(extracted from Mairal, Sapiro, Elad, learning multiscale sparse
representations for image and video restoration, 2007)
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Choice of L, R and F

Choice for R:

• `1-norm: R = ‖ · ‖1

• Schatten/Nuclear norm: R = ‖ · ‖∗
• Non-convex:
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Choice of L, R and F

Choice for R:
• `1-norm: R = ‖ · ‖1
• Mixed-norm: R =

∑
g∈G ‖θg‖q with q ≥ 1.

• Non-overlapping groups: e.g. TV
• Overlapping groups: Tree-structure (Zhao, Rocha, Yu, 2007), union of

groups (Jacob, Obozinski, Vert, 2009).

• Schatten/Nuclear norm: R = ‖ · ‖∗
• Non-convex:
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Choice for R:

• `1-norm: R = ‖ · ‖1

• Mixed-norm: R =
∑

g∈G ‖θg‖q with q ≥ 1.
• Non-overlapping groups: e.g. TV
• Overlapping groups: Tree-structure (Zhao, Rocha, Yu, 2007), union of

groups (Jacob, Obozinski, Vert, 2009).

• Schatten/Nuclear norm: R = ‖ · ‖∗
• Non-convex:

• | · |q with q ∈]0, 1[ (Frank, Friedman, 1993)
• Log penalty: log(| · |+ ε) (Candès, Wakin, Boyd, 2008)
• Several others (Nikolova, 2007)
• Non-convex penalties leading to convex criterion (Parekh, Selesnick,

2015)
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Choice of L, R and F

Choice for R: min
η1w1+η2w2=z

|w1|+ |w2|
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Choice of L and R

• Image degraded with
Poisson noise

e.g. tomography,
microscopy

• Poisson likelihood
P(Z = z | V = HF ∗α) =

∏
n∈|Ω|

exp(−σ(HF ∗α)n
zn!

(σ(HF ∗α)n)zn

• Data fidelity term: Kullback-Leibler divergence

L(HF ∗α, z) =
∑
n∈Ω̃

ψn

(
(HF ∗α)n︸ ︷︷ ︸

vn

)
where ψn(vn) = −zn lnσvn + σvn

(Combettes,Pesquet,2007) (Setzer, Steidl, Teuber, 2010) (Figueiredo, Bioucas-Dias,

2010) (Pustelnik, Chaux, Pesquet, 2011) (Antoine, Aujol, Boursier, Mélot, 2012)
18/41



Sparsity Inverse problems Algorithms Examples Learning

Choice of L, R and F

(extracted from Boulanger, Pustelnik, Condat, Piolot, Sengmanivong, Nonsmooth

convex optimization for Structured Illumination Microscopy image reconstruction, 2018.)
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Algorithmic strategy

Minimization problem

Find ŷ ∈ Argmin
y∈H

J∑
j=1

fj(y)

where (fj)1≤j≤J belong to the class of convex functions, l.s.c., and proper
from H to ]−∞,+∞]. H finite dimensional Hilbert space.

• Example 1: û ∈ Argmin
u∈R|Ω|

1
2‖Hu − z‖2

2 + λ‖Fu‖1 + ι≥0(u)

• Example 2: α̂ ∈ Argmin
α∈R|Υ|

1
2‖HF

∗α− z‖2
2 + λ‖α‖1

• Example 3: û ∈ Argmin
u∈R|Ω|

∑
n−zn lnσun + σun + λ

∑
g∈G ‖(Fu)g‖2
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Algorithmic strategy

Minimization problem

Find ŷ ∈ Argmin
y∈H

J∑
j=1

fj(y)

• Properties of the involved functions
• smooth functions
→ gradient-based methods (Newton, Quasi-Newton, . . . )

• constraints
→ projection based methods (POCS, SIRT, . . . )

• non-smooth functions
→ proximal algorithms (FB, DR, PPXA, ADMM, Primal-Dual,. . . )
→ possible extension to infinite dimensional space.
→ flexibility in the design of objective functions.
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Algorithmic strategy

Minimization problem

Find ŷ ∈ Argmin
y∈H

J∑
j=1

fj(y)
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Proximity operator

Gradient descent
Solve ŷ ∈ Argminy f (y) when f ∈ Γ0(H) with a Lipschitz gradient β > 0.

Set γn ∈]0, 2/β[.
Set y [0] ∈ H.
For k = 0, 1, . . .
b y [k+1] = y [k] − γk∇f (y [k])

The sequence (y [k])k∈N converges to ŷ .
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Subdifferential of a convex function: properties

Let f : H → ]−∞,+∞] be a proper function.
The (Moreau) subdifferential of f , denoted by ∂f , is such that

∂f : H → 2H

x → {u ∈ H | (∀y ∈ H) 〈y − x |u〉+ f (x) ≤ f (y)}
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Subdifferential of a convex function: properties

Let f : H → ]−∞,+∞] be a proper function.
The (Moreau) subdifferential of f , denoted by ∂f , is such that

∂f : H → 2H

x → {u ∈ H | (∀y ∈ H) 〈y − x |u〉+ f (x) ≤ f (y)}

• Fermat rule:

0 ∈ ∂f (x)⇔ (∀y ∈ H) 〈y − x | 0〉+ f (x) ≤ f (y)

⇔ x ∈ Argminf

• If f is differentiable at x , then ∂f (x) = {∇f (x)}
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Proximity operator

Subgradient descent (Shor, 1979)
Solve ŷ ∈ Argminy f (y) when f ∈ Γ0(H) non-smooth.

For k = 0, 1, . . .

b y [k+1] = y [k] − γkt [k] with t [k] ∈ ∂f (y [k])

where ∂f (y) = {t ∈ H | (∀u ∈ H) f (u) ≥ f (y) + 〈t | u − y〉}.

Technical assumptions on γn to insure convergence:
⇒ decreasing step-size.

24/41



Sparsity Inverse problems Algorithms Examples Learning

Proximity operator

Subgradient descent (Shor, 1979)
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Proximity operator

Proximal point algorithm
Solve ŷ ∈ Argminy f (y) when f ∈ Γ0(H) non-smooth

Set γk > 0 such that
∑+∞

k=0 γ
2
k =∞.

Set y [0] ∈ H.
For k = 0, 1, . . .

b y [k+1] = y [k] − γkt [k] with t [k] ∈ ∂f (y [k+1])

where ∂f (y) = {t ∈ H | (∀u ∈ H) f (u) ≥ f (y) + 〈t | u − y〉}.
The sequence (y [k])k∈N converges to ŷ .

⇒ no decreasing step-size.

⇔ (∀k ∈ N) y [k] − y [n+1] ∈ γk∂f (y [k+1])

⇔ (∀k ∈ N) y [k+1] = proxγk f (y [k])
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Proximity operator

Definition (Moreau,1965) Let f ∈ Γ0(H) where H denotes a real Hilbert space. The
proximity operator of f at point u ∈ H is the unique point denoted by proxf u such that

(∀u ∈ H) proxf u = arg min
v∈H

f (v) +
1

2
‖u − v‖2

26/41



Sparsity Inverse problems Algorithms Examples Learning

Proximity operator

Definition (Moreau,1965) Let f ∈ Γ0(H) where H denotes a real Hilbert space. The
proximity operator of f at point u ∈ H is the unique point denoted by proxf u such that

(∀u ∈ H) proxf u = arg min
v∈H

f (v) +
1

2
‖u − v‖2

Examples: closed form expression
• proxλ‖·‖1

: soft-thresholding with a fixed threshold λ > 0
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• prox‖·‖1,2
(Peyré,Fadili,2011).

• prox‖‖pp with p = {4
3 ,

3
2 , 2, 3, 4}(Chaux,Combettes,Pesquet,Wajs,2005).

• proxDKL
(Combettes,Pesquet,2007).

• proxιC = PC: projection onto the convex set C .
→ range constraint: hypercube projection,
→ `1,p-ball constraint (Quattoni,Carreras,Collins,Darrell,2007) (Van Den

Berg, Friedlander,2008)

• prox∑
g∈G ‖·‖q with overlapping groups (Jenatton,Mairal,Obozinski,Bach, 2011)

• Composition with a linear operator: proxϕ◦L closed form if LL∗ = νId
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proximity operator of f at point u ∈ H is the unique point denoted by proxf u such that

(∀u ∈ H) proxf u = arg min
v∈H

f (v) +
1

2
‖u − v‖2

Examples: closed form expression
• proxλ‖·‖1

: soft-thresholding with a fixed threshold λ > 0
• prox‖·‖1,2

(Peyré,Fadili,2011).

• prox‖‖pp with p = {4
3 ,

3
2 , 2, 3, 4}(Chaux,Combettes,Pesquet,Wajs,2005).

• proxDKL
(Combettes,Pesquet,2007).

• proxιC = PC: projection onto the convex set C .
→ range constraint: hypercube projection,
→ `1,p-ball constraint (Quattoni,Carreras,Collins,Darrell,2007) (Van Den

Berg, Friedlander,2008)

• prox∑
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(Peyré,Fadili,2011).

• prox‖‖pp with p = {4
3 ,

3
2 , 2, 3, 4}(Chaux,Combettes,Pesquet,Wajs,2005).

• proxDKL
(Combettes,Pesquet,2007).

• proxιC = PC: projection onto the convex set C .
→ range constraint: hypercube projection,
→ `1,p-ball constraint (Quattoni,Carreras,Collins,Darrell,2007) (Van Den

Berg, Friedlander,2008)

• prox∑
g∈G ‖·‖q with overlapping groups (Jenatton,Mairal,Obozinski,Bach, 2011)

• Composition with a linear operator: proxϕ◦L closed form if LL∗ = νId
26/41



Sparsity Inverse problems Algorithms Examples Learning

Proximity operator

Definition (Moreau,1965) Let f ∈ Γ0(H) where H denotes a real Hilbert space. The
proximity operator of f at point u ∈ H is the unique point denoted by proxf u such that

(∀u ∈ H) proxf u = arg min
v∈H

f (v) +
1

2
‖u − v‖2

Examples: Proximity operator of a sum of two functions :

proxf1+f2 = proxf 1 ◦ proxf 2?

• (Combettes-Pesquet, 2007) N = 1, f2 = ιC of a non-empty closed
convex subset of C and f1 is dierentiable at 0 with h′(0) = 0.

• (Chaux-Pesquet-Pustelnik,2009) C and f2 are separable in the same
basis.

• (Yu, 2013)(Shi et al., 2017) ∂f2(x) ⊂ ∂f2(proxf1(x)).
• Many recent results (Pustelnik, Condat, 2017)(Yukawa, Kagami,

2017)(del Aguila Pla, Jaldén, 2017)
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Proximal algorithm: Forward-backward

Forward-backward algorithm
Solve ŷ ∈ Argminy f1(y) + f2(y) with f1 and f2 in Γ0(H)

Let y [0] ∈ H.
For k = 0, 1, . . .
b y [k+1] = y [k] + τk

(
proxγk f1 (y [k] − γk ∇f2 (y [k]))− y [k]

)

Convergence (Combettes,Wajs,2005)

• f2 is β-Lipschitz differentiable on H with β > 0

• γk ∈]0, 2/β[ : algorithm step-size

• τk ∈]0, 1] : relaxation parameter

Under these assumptions, (y [k])k∈N converges to ŷ .
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Example: Structured illumination microscopy

*J. Boulanger, N. Pustelnik, L. Condat, T. Piolot, L. Sengmanivong, Nonsmooth convex

optimization for Structured Illumination Microscopy image reconstruction, Inverse

problems, vol. 34, no. 9, 22pp., July 2018.
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Example: Multiphasic flow

*Collaboration LPENSL.
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Example: Matrix completion

minimize
x

‖x‖∗ s.t. Hx = z
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Example: Robust PCA

minimize
u,v

‖u‖∗ + ‖v‖1 s.t. z = u + v

[From Goldfarb, Ma, Sheinberg, 2010]
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Learning

Images to classify Training set Classification

• Training set of size L for K classes:

S =
{

(u`, z`) ∈ RN × {1, . . . ,K}
∣∣ ` ∈ {1, . . . , L}}

examples: u` = and z` = 2

u` = and z` = 9
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Learning: multiclass SVM

• φ(u) : RN → RM : mapping from the input space onto an arbitrary
feature space with M > N

⇒ linearization

examples: convolution networks [Mirowski et al., 2008]

scattering coefficients [Brunat,Mallat,2013]

• The predictor relies on K different discriminating functions
Dk : RN → R :

Dk(u) = φ(u)>x (k) + b(k)

• The predictor selects the class that best matches an observation

d(u) = arg max
1≤k≤K

Dk(u)

33/41



Sparsity Inverse problems Algorithms Examples Learning

Learning: multiclass SVM
Objective of the learning stage: estimate x to correctly predict the
input-output pair (u`, z`) ∈ S for every ` ∈ {1, . . . , L},

z` = arg max
1≤k≤K

ϕ(u`)
>x(k)

⇔ max
k 6=z`

ϕ(u`)
>(x(k) − x(z`)) < 0

[relax the strict ineqality with µ` > 0]⇔ max
k 6=z`

ϕ(u`)
>(x(k) − x(z`)) ≤ −µ`

[deal with unfeasible constraints ζ(`) ≥ 0]⇔ max
k 6=z`

ϕ(u`)
>(x(k) − x(z`)) ≤ ζ(`) − µ`

minimize
(x,ξ)∈R(M+1)K×RL

K∑
k=1

‖x (k)‖2
2 + λ

L∑
`=1

ξ(`) subj. to(∀` ∈ {1, ..., L}) max
k 6=z`

ϕ(u`)
>(x(k) − x(z`)) ≤ ξ(`) − µ`

(∀` ∈ {1, ..., L}) ξ(`) ≥ 0,
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Sparsity in learning

minimize
(x,ξ)∈R(M+1)K×RL

K∑
k=1

‖x (k)‖1 + λ
L∑
`=1

ξ(`) subj. to(∀` ∈ {1, ..., L}) max
k 6=z`

ϕ(u`)
>(x(k) − x(z`)) ≤ ξ(`) − µ`

(∀` ∈ {1, ..., L}) ξ(`) ≥ 0,

• cf. work by F. Bach and reference therein.

• Possibility to learn quadratic interactions.
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Image reconstruction with CNN
• Inverse problems : Tikhonov penalization

x̂ ∈ Argmin
x∈RN

‖Hx − z‖2 + λ‖Γx‖2
2

⇔ x̂ = (H∗H + λΓ∗Γ)−1H∗z = Gz .

• Reformulation into a convolutional network using the kernel
separability theorem relying on the existence of the decomposition
G = USV>:

x̂ =
∑
j

sjUj ,•(V
>
j ,•z).

where sj denotes the j-th singular value, and Uj ,• (resp. Vj ,•) denotes
the j-th column of U (resp. V ).

• 2D deconvolution can be reformulated as a weighted sum of separable
1D filters.

• x̂ can be well approximated by a small number of separable filters by
dropping out kernel associated with very small sj .
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Image reconstruction with CNN: agnostic

• Image Deconvolution Convolutional Neural Networks (DCNN) [Xu et
al, 2014] :

x̂ = f (z)

= W3σ(W2σ(W1z + b1) + b2.

• W3 denotes weights playing the same role than S ,
• W2 and W1: separable kernels acting horizontally or vertically,
• σ denotes a nonlinear function.

• Goal: estimate (Wi )i=1,2,3 and (bi )i=1,2 in order to minimize

1

2|N|
∑
i∈N
‖f (z`)− x`‖.

using training image pairs {x`, z`}`∈N .
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Image reconstruction combining CNN and regularization
techniques
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Image reconstruction combining CNN and regularization
techniques

• Inverse problems : Tikhonov penalization

x̂ ∈ Argmin
x∈RN

‖Hx − z‖2 + x>Rx ⇔ x̂ = (H∗H + R)−1H∗z

• Applying Neumann series expansion

+ truncating the series

+ R = Rθ:

x̂(z , θ) =
J∑

j=0

(I − ηH∗H − ηRθ)jηH∗z

• Training from the dataset (x`, z`) ∈ S

min
θ

L∑
`=1

‖x̂(z`, θ)− x`‖2
2
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Image reconstruction combining CNN and regularization
techniques
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Image reconstruction combining CNN and regularization
techniques

• Sparse regularization:

x̂ ∈ Argmin
x∈RN

‖Hx − z‖2 + λ‖Fx‖1

• Train CNN to estimate the “ invisible” from the visible:

ω = NN θ(F x̂)

• Combine the visible and the learned invisible coefficients:

̂̂x = F ∗((F x̂)vis + ωinv)
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Image reconstruction combining CNN and regularization
techniques
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Stability
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Stability

• tiny perturbation: incorrect representation.
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Stability

• small structural changes: stable.
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Conclusions and perspectives

• Deep learning allows us to obtain very good results for denoising task
but general inverse problem still not solved.

.

• From regularized methods to deep learning: model design +
optimization.

• Design an objective function compatible with algorithmic strategies.

• Stronger guarantees in the non-convex setting (Mumford-Shah, deep
learning).
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