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What is a ray? 

• The ray is the fundamental abstraction of 

geometrical optics 

• It approximates the light path through an optical 

system 

• From ray tracing one can simulate an optical 

system and compute optical performance metrics of 

interest 
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What is differential ray tracing ? 

• Differential calculus of the sensitivity 

of a ray to changes: 

• In the optical system geometry (e. g. 

curvature of a lens surface) 

• In the parameters of the ray itself (e. g. 

point of origin of the ray on a scene) 

• No finite difference approximation ! 

• Topics of today: 

• Gradient-based optimization 

• Construction of optical surfaces by integration 
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Gradient-based optimization 
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Finite difference approximation, why not ? 

• Finite difference 

approximation is 

innacurate 

• optical system → non linear 

• Finite difference is slow 

• when many parameters are 

considered 
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State-of-the-art of differential ray tracing 

Not a new idea ! 
• 1960 – spherical lenses 

• 1990 – extension to rotationally symmetric surfaces 

• 2000 – extension to prisms and 2nd order differentiation 

• 2017 – general formalism applicable to all shapes 
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Differentiation of Fermat Path Principle 
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Optical path length: 𝑳 

Fermat error function: 𝐅 = 𝛁𝑳 = 𝟎 

First order perturbation : 𝛁𝑭. 𝜺 = 𝟎 
 

 

 

 

 

 

 



Gradient-based non-linear optimization 
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Fermat path principle Implicit function theorem 

Generalized differential 

ray tracing 

Automatic 

differentiation 

algorithms 

Differentiable optical 

merit functions 

Gradient based non-

linear optimization 

2nd order optimization 

algorithms (trust region) 

Co-conception with 

deep learning based 

algorithms ? 

bi-level 

optimization 



Current work @ ONERA 

• Implementation in Julia of algorithm [1] 

• Using Forward Differentiation for the automatic 

differentiation part [1] 
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Preliminary results 

• Using Houllier [1] refractive case 

study 

• IPOPT [2] solver without 

hessians 

• 500 solver iterations max 

(~5000/500 function/gradient 

eval.) 

• To be continued… 

• Not that good in the « end-game » 

cases 
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Freeform optics 

• Freeform optics → design with shapes that: 

• Are not spheres 

• Do not have an axis of symmetry 

• Usually keep a plane of symmetry 

• Can be adjusted by non-linear optimization 

• But how to choose the surface parametrization ? 

• Or resolution of a PDE 
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Design of optical surfaces by 

integration 
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Wassermann, Wolf 1948 
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Breaking the axial symmetry (planar symmetry 
maintained) 

15 Surface construction of freeform imaging systems by numerical integration 

Volatier, Jean-Baptiste, and Guillaume Druart. ‘Differential Method for Freeform Optics Applied to Two-Mirror off-Axis Telescope 

Design’. Optics Letters 44, no. 5 (1 March 2019): 1174. 



The ray tracing function 

Phase space: 𝝓 = 𝒉; 𝒓 ∈  ℝ4 

Raytracing function: 𝝓 ↦ (𝑷𝟏, … , 𝑷𝒊 , … , 𝑷𝒏) 

Point on a surface: 
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𝒓 

𝒉 

𝑷𝟏 

𝑷𝒏 

ℝ2 → ℝ3

𝒘 ↦ 𝑷
 



Parameter spaces Example 1: Sag 

Point in local coordinates: 

𝑷local =

𝑥local
𝑦local

sag(𝑥local, 𝑦local, 𝑐)
 

 

Affine transformation to global 

coordinate system: 

𝑷 = 𝑨𝑷local + 𝚫 

 

Parameter vector: 𝑤 = (𝑥local, 𝑦local) 
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𝑥local 

𝑦local 

𝑷 



Parameter spaces Example 2: Bézier surface 
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 Bézier surface 

Wojciech Mula at Polish Wikipedia [CC BY-SA 3.0] 

Bézier surface: 

𝒑 𝒖, 𝒗 =  𝐵𝑖
𝑛 𝑢 𝐵𝑗

𝑚 𝑣 𝒌𝒊,𝒋

𝑚

𝑗=0

𝑛

𝑖=0

 

 

Parameter vector: 

𝒘 = (𝑢, 𝑣) 

 

Parameter vector does not correspond to 

a point on a plane in physical space 



Solution to surface inconsistencies : Dimensional 
bottleneck 
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Physical Phase Parameter → → 

ℝ2 ℝ4 ℝ3 → → 

Space 

Dimensions 

functions 𝝓 ↦ 𝑷𝒊 𝒘𝒊 ↦ 

𝜕𝑷𝒊
𝜕𝝓
=
𝜕𝑷𝒊
𝜕𝒘𝒊

𝜕𝒘𝒊
𝜕𝝓

 rank
𝜕𝑷𝒊
𝜕𝝓
≤ 2   



Why use an intermediate parameter space ? 

How to keep surfaces consistent ? 

• Construction – iteration method [1] 

• Parameter space 
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Consistent surface Inconsistent surface 

[1] Yang, Tong, Guo-Fan Jin, and Jun Zhu. ‘Automated Design of Freeform Imaging Systems’. Light: Science & Applications 6, no. 10 (6 

October 2017): e17081. 



Integration of surface profiles 
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Fermat path principle 

Taylor expansion up to 

3rd order 

System of multivariate 

polynomial equations 

Resolution around 

parabasal ray 

Reduced system off-

parabasal rays 

Integration 

Surface construction 

from multiple integrated 

profiles 

Imaging constraints 

(local aplanetism) 



Application to off-axis two-mirror design 
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Focal length: 150mm 

pupil size: 70mm 

FoV: 4×0.2° Refocused performance 



Conclusion 
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Conclusion and outlook 

• Optical design problems are differentiable 

• Have they other interesting properties? 

• Can be used for co-conception 

• Freeform surfaces can be constructed by PDE 

integration 

• Can we go beyond aplanetism? 

• Can we extend to > 2 surfaces? 
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